






Name
_____________________________



Period
_____
     Date ________________

One common (and extremely important!) use for matrices is message encoding.  You are going to be responsible for encoding a message to send to another student.  You are also responsible for decoding a message received from another student.

• 
In order to encode and decode messages, certain information is needed.  The first step is to assign a number to each letter of the alphabet.  That is provided for you below:

	0 = space
	9 = I
	18 = R

	1 = A
	10 = J
	19 = S

	2 = B
	11 = K
	20 = T

	3 = C
	12 = L
	21 = U

	4 = D
	13 = M
	22 = V

	5 = E
	14 = N
	23 = W

	6 = F
	15 = O
	24 = X

	7 = G
	16 = P
	25 = Y

	8 = H
	17 = Q
	26 = Z


• 
The next step is to convert your message into numbers and partition them into 1 × n row matrices.  Here, we have used n = 3.
	[
	13
	5
	5
	]
	[
	20
	0
	13
	]
	[
	5
	0
	13
	]
	[
	15
	14
	4
	]
	[
	1
	25
	0
	]

	
	M
	E
	E
	
	
	T
	_
	M
	
	
	E
	_
	M
	
	
	O
	N
	D
	
	
	A
	Y
	_
	


•
But if the message were simply written in row matrices, it would be too easy to decode.  (To learn more, Google Caesar Cipher.)  So to further encode the message, each row matrix is multiplied by an n × n  encoding matrix.
Let’s use the following 3 x 3 encoding matrix:
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Take each row matrix from above and multiply it by the encoding matrix.  The first two are shown below:


[ 13  5  5 ]  
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= [ 13  -26  21]


[ 20  0  13 ] 
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= [ 33  -53  -12]

•
The newly encoded row matrices are sent as the message.

• 
Now that you have sent your encoded message, the person on the other end needs to be able to decode it to discover the meaning.  In order to decode the message, we need a way to undo the multiplication.  

The way to undo the encoding multiplication is by using the inverse of the encoding matrix, A -1.

If 
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, then we need to find A -1 to “undo” the encoding.
Using the calculator, we find 
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.
• 
Next, take each encoded row matrix and multiply it by A -1.  The first two are shown below:


[ 13  -26  21] 
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[ 33  -53  -12] 
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• 
Finally, take the decoded row matrices and match each number to the corresponding letter of the alphabet to discover the message.

	[
	13
	5
	5
	]
	[
	20
	0
	13
	]
	[
	  
	  
	  
	]
	[
	  
	  
	  
	]
	[
	  
	  
	  
	]

	
	M
	E
	E
	
	
	T
	_
	M
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	


How Do We Keep the Encoding Matrix Secret?
One of the biggest issues with encoding messages is keeping the encoding matrix secret.  (This, among other things, is what allowed the Allied forces to break the Axis’ Enigma code during World War II.)  However, we can securely communicate our encoding matrix by encoding it!
• 
The two people (let’s call them Alice and Bob) come up with their own n × n matrix.  Let’s call Alice’s matrix X and Bob’s matrix Y.  For example:
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• 
Alice also comes up with an n × n encoding matrix that both people need to know, but we need to keep it a secret!  Let’s call this A.
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• 
Alice multiplies by X (on the right) and sends it to Bob.
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• 
Bob multiplies this matrix by Y (on the left) and sends it back to Alice.
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• 
Alice calculates X -1 and multiplies the received matrix by X -1 (on the right) and sends it back to Bob.
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• 
Bob calculates Y -1 and multiplies the received matrix by Y -1 (on the left).
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• 
Now Bob knows A (and of course Alice knows it, since she chose it!)  But the matrix was encoded (by X and/or Y) every time it was sent, so no eavesdropper could know it.  Hooray for math!
Now it’s your turn!
Write a message to a classmate.  Your message should be between 15 and 30 characters long (including spaces).  Follow the procedures outlined above to securely share an encoding matrix, then use your encoding matrix to encode your message and to decode your partner’s message.
SHOW ALL WORK on a separate sheet of paper.  You may have a graphing calculator do the tedious calculations for you, but you should show your steps clearly.

If you’re interested, you can learn more about how cryptography has been used in wartime in The Code Book by Simon Singh.  There is also a historical fiction novel called Enigma by Robert Harris about cracking the Enigma code during World War II.
The Imitation Game is a 2014 film based on the biography Alan Turing: The Enigma by Andrew Hodges. It stars Benedict Cumberbatch as British cryptanalyst Alan Turing, who decrypted German intelligence codes for the British government during the Second World War.
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